Abstract. There is some confusion in the literature what "modulated quasicrystals" are: Some people treat "modulated quasicrystals" and "deformed model sets" as exchangeable termini (compare [6, 9, 5]), others claim that "½. . . the projection method becomes powerless against incommensurate modulated structures" (e.g., [12 p. 148]). We use a mathematical approach and propose the following classification: While deformed model sets are characterised by a deformation that does not change the location of the Bragg peaks, a modulated phase yields "satellites" in the diffraction pattern and is achieved "by enlarging the internal space" with a torus.
Introduction
Model sets, also called cut-and-project sets, are quasiperiodic structures that are pure point diffractive, i.e., they have a pure Bragg diffraction spectrum. In the analyses of real quasicrystals, these ideal structures are often too restrictive wherefore deformations of them are considered; in this context, words like "modulated quasicrystals", "quasicrystals under (phonon/phason) strain", "phonon distortions" etc. are used in the literature. While in many cases the authors restrict themselves to a linear deformation, it was shown on the mathematical side [5, 3] that even a (piecewise) continuous deformation of a model set does not change its pure point diffractive nature.
With the notion "deformed model set" at hand, we are now able to revisit well-established concepts; for example, (incommensurate) modulated crystals are a special case of deformed model sets (by adding special internal spaces, see Section 3). But more importantly, we can use this knowledge to clearly define what an (incommensurate) modulated quasicrystal is and how to recognise its diffraction pattern. We will demonstrate the characteristic effects of modulations and deformations on (quasi)periodic structures and their diffraction patterns using the AmmannBeenker tiling as example. We conclude this article with a remark about commensurate modulations and limit-quasiperiodic structures.
Deformed model sets
Model sets are quasiperiodic structures and we recall their definition using cut-and-projects schemes (CPSes for short). For a more thorough treatment, the reader should consult the literature, see [13, 1, 4, 2] for model sets and [8, 5, 3] for deformed model sets.
A cut-and-project scheme ðR n ; H;L LÞ has the following ingredients: The physical or direct space is given by R d , the d-dimensional Euclidean space (usually, we have d ¼ 2 or 3). We denote the internal space by H, which is often also given by a Euclidean space H ¼ R m (for some m), but also more exotic spaces are possible (and we will explore some possibilities in this article). In the product space R d Â H, a latticeL L is given such that the (canonical) projection p 1 of it into the direct space is one-to-one (so p 1 :L L ! L ¼ p 1 ðL LÞ is a bijection) and the (canonical) projection p 2 into the internal space has dense image (L * ¼ p 2 ðL LÞ is dense in H). This situation is schematically summarised as follows:
For later reference, we define the so-called star map
Given a cut-and-project scheme ðR d ; H;L LÞ and a nonempty compact set W & H in the internal space, which is the closure of its interior and which we call the window, we define the set
i.e., the set of points x of L & R d such that x * is a point of the window. A set L & R d is a model set or cut-andproject set for the cut-and-project scheme ðR d ; H;L LÞ if L ¼ t þ LðWÞ for some t 2 R d ; if, in addition, the Haar measure of the boundary @W is zero, we deal with a regular model set, see [13] .
Well-known examples of model sets are the Fibonacci chain (in one dimension) and the rhombic Penrose tiling and the Ammann-Beenker tiling of the plane (the Ammann-Beenker tiling is shown in Fig. 2 
We call L # ðWÞ a deformed model set if it is still a Delone 1 set, see [5, 3] . The construction of a deformed model set is schematically depicted in Fig. 1 .
The main theorem for diffraction of (deformed) model sets can be summarised as follows.
Theorem. Let L ¼ LðWÞ be a regular model set in
? the dual or reciprocal lattice ofL L, which is a lattice in R d ÂĤ H whereĤ H denotes the Pontryagin dual or reciprocal space of H. Then, the diffraction patterns associated with the point sets L and L # are pure point (i.e., consists only of Bragg peaks) and concentrated 2 on p p 1 ðL L ? Þ. If the projectionp p 1 is bijective on the latticeL L ? , the intensity at a point k 2p p 1 ðL L ? Þ is given by the square of the modulus of the Fourier-Bohr coefficient aðkÞ:
where we set # 0 in the case of the model set L.
Here, m R d ÂH respectively m H denotes the Haar measure on R d Â H respectively H, the fundamental domain of L L is denoted by FDðL LÞ, z denotes the complex conjugate of z 2 C and hx; yi is the value of the character 3 x at y.
We note that the Pontryagin dual of R d is R d itself, the dual of (the n-dimensional cubic lattice) Z n is (isomorphic to) the n-dimensional torus T n and vice versa. This theorem also shows that the diffraction pattern yields the dual latticeL L
? not the latticeL L on which the point set 1 A Delone or Delaunay set is both uniformly discrete (i.e., there is a radius r, the maximal such r is called the packing radius, such that each open ball of radius r contains at most one point of the set) and relatively dense (i.e., there is a number R > 0, the minimal such R is called the covering radius, such that each closed ball of radius R contains at least one point of the set). 2 In the Pontryagin dual CPS . Schematic situation for a deformed model set. The lattice points are "moved" to or according to the deformation # along the direction of R d , i.e., the latticeL L and then also the model set are deformed. The filled points "fall" into the gray strip defined by the window W (i.e., their projection under p 2 falls into W). Consequently, they are projected (by p 1 ) to the direct space R d , wherefore the projected points ? yield the deformed model set L # . Fig. 2 . Ammann-Beenker tiling and its diffraction pattern. All diffraction patterns in this article are generated from a finite patch of radius 40 using DIS-CUS [14] . We always show a square patch of the diffraction pattern for wavelengths between À2:5 and 2:5 in both directions. 3 If H ¼ R m , then one also hasĤ H ¼ R m and hx; yi is simply the usual scalar product in R m . Also note that in this case the Haar measure is the usual Lebesgue measure.
L lives and that a deformation only changes the intensities of the Bragg peaks but not their positions.
Modulated crystals
We follow the discussion of modulated crystal structures in [15] and adapt it to the notions CPS and model set: The starting point is the observation that certain crystals have diffraction patterns which cannot be indexed with three Miller indices. However, unlike quasicrystals, the diffraction pattern of these crystals shows a very conspicuous three-dimensional dual lattice among the Bragg peaks. In fact, there is often a transition to another phase such that the "satellites" disappear and only this dual lattice remains.
If we denote the basis vectors for the lattice of main reflections by a 
where b
n are some "modulation" vectors that describe the position of the satellites (we assume that n is minimal). Since the ð3 þ nÞ vectors used to index the diffraction pattern live in R 3 , one has 2 Q for all 1 j n; in that case one says that the crystal is commensurate modulated. Otherwise, one has an incommensurate modulated crystal, and at least one of the numbers k ðjÞ i is irrational.
We concentrate on the incommensurate case where p is of rank ð3 þ nÞ. We use the following embedding of p & R 3 into the space R 3 Â Z n :
where e 0 is the element of Z n with components 0 only, and e j has a 1 at the j-th position and 0 in all the other components. We note that the Z-moduleL
One can now determine the dual latticeL L ofL L ? : By Pontryagin duality, this will be in R 3 Â ðR=ZÞ n ffi R 3 Â T n where T n denotes the n-dimensional torus (T is isomorphic to the unit circle in C). Due to the compactness of T n , one has that It is now easy to see that ðR 3 ; T n ;L LÞ is a CPS, that the Pontryagin dual CPS ðR 3 ; Z n ;L L ? Þ describes exactly the set p of (dense!) Bragg peaks in R 3 (however, without a deformation J 6 0, only the Bragg peaks on L ? get nonzero intensities) and that the projection ofL L to the direct space yields L (the dual of the above introduced lattice L ? of the main reflections).
The modulation is given via a function # :
In the case of L # (where W ¼ T n and we have a deformed model set), # is called a displacive modulation; as in [15, 11] , the function # : T n ! R 3 may also describe the magnetic moment or the type of atom that occupies the site (substitutional modulation) or an average occupation fraction (occupation modulation).
Note that in all three cases the diffraction spectrum is pure point: The displacive modulation is a deformed model set, while in the other two cases one can easily calculate the autocorrelation coefficients (compare [11, Section 9.8.1.5], also see [10, Eq. (5)]) and show that the diffraction pattern is pure point.
Modulated quasicrystals
Deformed model sets appeared in the literature before: In [6] (and also in [9 p . 89]), they are called "modulated quasicrystals". More often, and usually if one restricts to linear deformations, deformed model sets are "quasicrystals under phonon strain", e.g. [16, Section 13]. Fig. 3 . Substitution modulated Ammann-Beenker and its diffraction pattern. The sites which are left unoccupied are coloured in grey, the diffraction image is calculated from the "black atoms". Note that, by the modulation used here, there are satellites at % AEð0:4472; 0:1491Þ around the original Bragg peaks of the Ammann-Beenker tiling (see Fig. 2 ). The diffuse background is a finite-size effect. Also compare the left picture with [7, Fig. 3 However, a deformation only changes the intensities of the Bragg peaks but not their positions, while a modulation yields "satellites" (note that the diffraction spectrum is still pure point in both cases). We want to study this situation: a quasicrystal with satellites.
This was done before by Janssen [10] and called a "phononlike displacive modulation". As we will see in a moment, the original internal space H for the quasicrystals is then replaced by an internal space H Â T n , and we can even combine modulation with a deformation: a deformation together with a modulation is a function from H Â T n to R 3 . So, the set of Bragg peaks of a modulated quasicrystal can be written as
where D is the dimension of the internal space, respec- and proceed from here as in the last section, which consequently yields the torus. Figure 3 shows the effect of a modulation on the Ammann-Beenker point set; compare its diffraction pattern with the original Ammann-Beenker tiling in Fig. 2 . Note that here we have chosen a modulation which does not preserve the eightfold symmetry of the Ammann-Beenker tiling.
"Commensurate modulation"?
If we have a commensurate (quasi)crystal, then the Bragg reflexes can be indexed by fractional Miller indices. One may proceed by enlarging the fundamental domain (respectively the higher dimensional fundamental domain in the case of a model set) and using an appropriate decoration.
Another possibility which leads to fractional Miller indices is to include p-adic spaces (instead of tori as above) in the internal space. In fact, it is enough to consider the (compact) ring of p-adic integers. This "strange construction" arises since we defined model sets on algebraic number fields, and their associated local fields are the wellknown fields R and C ffi R 2 , but also the p-adic fields. Such aperiodic structures are also called "limit-quasiperiodic" in the literature.
We look again at a variant of Ammann-Beenker, see i.e., the Miller indices are rational numbers where the denominator is a power of 2. We remark that Fig. 4 is constructed by including a 2-adic space. 
